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Introduction
Metallic nanoparticles interacting with electromagnetic (EM) fields can enable unique EM phenomena at subwavelength scale. Small regions of very intense fields can be created, which, in turn, are of interest, for example, in creating strong coupling phenomena between EM fields and matter. In arrays of nanoparticles, very narrow surface lattice resonances (SLRs) can appear [1] [2] [3] [4] . While any periodic array of particles, dielectric or metallic, may show diffracted orders that become narrow as the array size becomes very large, metallic particles can also have localized surface plasmon resonances (LSPRs), which are typically quite broad in frequency. In SLRs, in-plane diffracted orders of the array hybridize with the LSPR [5] . When there is coupling between a narrow and a broad resonance, the resulting resonance line shape is of Fano type and may show narrow peaks. Most drastic changes in diffraction properties appear around the Γ-point in the Brillouin zone. Qualitatively, at energies below the Γ-point, wavelengths are too large to 'fit' between nanoparticles, whereas above the Γ-point, light has sufficiently short wavelength, so that the array structure starts to become apparent. In recent experiments, lasing at visible wavelengths in an array of silver nanoparticles was observed [6] . These experiments followed the demonstrations of lasing in other nanoscale plasmonic structures [7] [8] [9] [10] [11] [12] [13] , including demonstrations in array structures at lower energies [14] [15] [16] . In the experiments by Hakala et al. [6] , dark and bright modes lased. In an infinite system, a dark mode should not give rise to far-field emission, and in the experiments the output of the dark modes was associated with the finite size of the periodic array. It was also observed that realspace images of field intensity showed non-trivial spatial dependence as the wavelength of lasing varied. The most interesting region was in the vicinity of the Γ-point at wavelength nd, where n is the index of refraction and d the lattice constant of the square lattice. There was a bright mode just below the Γ-point and a dark mode just above it.
Often the response of the array to an incident light is studied theoretically in terms of the coupled dipole approximation (CDA) [17] [18] [19] [20] . Usually, the main interest has been in studying the response of the whole array into the incident field, i.e. quantities of interest have been integrated quantities such as extinction cross sections. Because experiments [6] indicated nontrivial spatial inhomogeneities, the purpose of this article is to explore the properties of CDA for nanoparticle arrays with focus on the effects of spatial distributions of dipoles in finite-sized arrays. This enables us to set benchmarks on what effects we can expect from CDA response to the incident field alone and when the effects are due to physics beyond this, such as higher multipoles contributing to scattering or more complex incident fields driving the nanoparticles.
This study therefore contributes to the interpretations of phenomena observed by Hakala et al. [6] .
In §2, we outline the theoretical approach used. We then proceed to explain our main findings for finite-sized arrays in the vicinity of the Γ-point in §3. There, we demonstrate the dipole distribution in the array and how strong spatial inhomogeneities appear which give rise to changes in the far-field emission patterns.
Modelling nanoparticle arrays and electric fields
The EM response of an array of nanoparticles to an incident field can be modelled by using the dipole approximation, in which each nanoparticle is modelled as a single electric dipole or a set of dipoles. The previous approach is called the single dipole approximation (SDA) [21] , whereas the latter one more generally is the discrete dipole approximation [18] . Both methods are also referred to as the CDA by other authors [17, 20] . The applications of the dipole approximation methods range from radio engineering to optics and nanoscale physics. To be consistent, we use the term CDA throughout the paper.
In our computations, we consistently assume an incident y-polarized plane wave that travels orthogonal to the nanoparticle array plane (that is, in z-direction). Because varying the shape or the size of the nanoparticles is not central to our discussion here, we, throughout our discussion, assume ellipsoidal silver nanoparticles with main axes of 30 nm along the x-and y-directions and 25 nm along the z-direction. We also assume a two-dimensional square array in the xy-plane with a lattice period of d = 360 nm, which is similar to the one used in the experiments by Hakala et al. [6] . With an index of refraction n = 1.52 of the surrounding medium, this implies that the Γ-point is at wavelength λ = 547 nm, which corresponds to energy of Γ = 2.266 eV.
Oscillating incident electric field induces oscillating charge density in a metallic nanoparticle. For a small nanoparticle, the electric field inside the particle can be assumed homogeneous (quasistatic approximation). For metallic particles, in general, this is a non-trivial assumption as external EM fields tend to decay exponentially into metals [22] . Often with a small nanoparticle, it is a good approximation to describe the induced field only in terms of an electric dipole. This is a valid approximation when the size a of a nanoparticle is significantly smaller than the wavelength of the driving electric field, and smaller (a ≤ d/3) than the lattice spacing d [21] .
The ratio of the induced dipole moment p to the electric field E oscillating at an angular frequency ω corresponds to the polarizabilityᾱ(ω). In other words, the direct proportionality between the field and the dipole implies p =ᾱ(ω)E. In general, polarizability is a tensor, because the induced dipole may not be along the inducing field, and also material properties may vary such that the response is different for fields in different directions. In this study, however, we consider only nanoparticles that are symmetric in the xy-plane and electric field polarized along one of the axes. Therefore, the polarizability is taken to be diagonal and equal for all nanoparticles.
To model the optical response of the non-spherical nanoparticle almost analytically, the shape can be approximated with an ellipsoid having its semi-axes a, b and c along the main coordinate axes x, y and z, respectively. If the nanoparticle is a cylinder, for example, then we could choose the semi-axes a and b to correspond to cylinder radius while choosing the third axis c so that the volume of the ellipsoid is the same as the volume of the cylinder. An ellipsoid boundary is specified by the formula x 2 /a 2 + y 2 /b 2 + z 2 /c 2 = 1. The nanoparticle is made of isotropic material (silver) with (relative) permittivity h and embedded in an isotropic homogeneous medium with permittivity m . The static polarizability in the x-direction (or y for the symmetric ellipsoid), when the driving field is parallel to this direction, reads as [23] 
Here, N x is the depolarization factor along the x-direction:
In general, the main axes of the ellipsoid can differ and therefore also the static polarizability can be different in different directions. In our study, only the x-and y-directions are relevant, and we assume ellipsoids with a = b. We use tabulated values for the permittivities [24] for the silver nanoparticles. The dielectric medium around the nanoparticles is taken to have an index of refraction n = 1.52 [6] , so that its permittivity is m = 0 n 2 . The expression (2.1) for the static polarizability is finally corrected by finite-wavelength effects. In the modified long-wavelength approximation (MLWA), the polarizability is given by
where k is the wavenumber in the medium. The first correction term in the denominator with proportionality of k 3 is the radiation damping correction. The second correction term with proportionality of k 2 is a retardation term that takes into account the dynamic depolarization [25] . Understanding the dipole response of a single ellipsoidal nanoparticle provides the basis to understand the response of an array of nanoparticles. The CDA [17, 19, 20] assumes that the dipole in each nanoparticle originates from the incoming driving field E in (r) and the dipole fields of all the other dipoles in the nanoparticle array. Because these dipole fields depend on the electric dipoles of other nanoparticles, one must solve for a self-consistent solution, which transforms the problem into a solution of a set of linear equations. Many properties of plasmonic nanoparticle arrays can be described accurately by the CDA; see e.g. reference [26] and references therein.
Let us briefly summarize the essential steps of the CDA. The smallest unit of the calculation is an individual oscillating dipole p j in each nanoparticle labelled by the index j. These dipoles together generate an electric field
where ω is the oscillation frequency, j indicates the nanoparticle at position r j , e r,j = (r − r j )/R j and R j = |r − r j |. In CDA, the problem is to find all dipoles p j that are excited by the incident field and by the fields of all the other dipoles. This implies solving the set of linear equations
Once a solution for the dipoles p j has been found, one can compute observables such as extinction cross sections or, for example, fields that the oscillating dipoles in the array generate.
To illustrate the connection of the Γ-point to the measurements, in figure 1 we show a prediction for the transmission of an incident plane wave impinging on our square array as a function of incident angle (essentially the same as wavevector along the array) and energy. The Γ-point is located at k x = 0 at the crossing of the light lines.
For an infinite array, we can simplify the problem using an effective approach where, in the case of an incoming field normal to the nanoparticle array, we can take all dipoles to have the same magnitude. In this case, the effects of the array structure can be summed into a term
where we could choose i to be, for example, the dipole in the centre of the array. The angle θ ij is the angle between the polarization of the incoming electric field and the vector is r ij = r j − r i between two nanoparticles. In terms of S, the effective response of the whole array structure can be modelled by the polarizability
In SI units, α eff (ω) should still be multiplied by 4π m , where m is the permittivity of the medium around nanoparticles. For a finite-sized array, this is only an approximation and in figure 2a we show an example extinction efficiency Q ext = σ ext /(π V 2/3 ) for a y-polarized incident light, where V is the nanoparticle volume and σ ext is the extinction cross section, predicted by the effective CDA, which assumes all dipoles having the same magnitude in a square array of size 75 × 75. Here, the incident field was assumed to have unit magnitude. The broad peak at higher energies is due to surface plasmon resonance in a single nanoparticle, whereas the narrow lower-energy peak (around the Γ-point at the centre of the Brillouin zone that we indicate with a black vertical line) is due to the SLR. Some oscillations are apparent due to the summation over a finite lattice. The corresponding extinction cross section from the full CDA calculation is plotted in figure 2b . As can be seen, application of the effective CDA in a finite-sized system gives roughly the correct result, but leaves spurious oscillations which are remedied in the full CDA computation that allows for spatial inhomogeneities. In addition to being more accurate, this is one additional reason in favour of full CDA computation for finite-sized systems.
Results from the coupled dipole approximation in finite-sized arrays (a) Distribution of dipoles
Solving the linear algebra problem for the dipoles in a finite-sized array reveals the dipole distributions in the array. Figure 3 demonstrates this by showing the dipole magnitudes and phases for each nanoparticle. Figure 3 shows the results only for the y-component of the dipoles because they strongly dominate in the presence of a y-polarized incident field. Results were computed just below and just above the Γ-point. We can observe that, below the Γ-point, the magnitude of the induced dipoles tends to be higher than above the Γ-point. Also, while there is some spatial dependence, this dependence is quite weak. In contrast, just above the Γ-point strong modulations appear along the y-direction as diffraction starts to play a stronger role. Figure 3 was computed with full dipole fields, but with the parameters used it turns out that including only the 1/r terms of the field is enough to induce the observed modulations. In fact, for the modulation along y, only the long-range y-component of the dipole fields of the nanoparticles is required. This is not too surprising, because the lattice period is quite large compared with the assumed nanoparticle size.
(b) Observables
Experimentally, one will not measure the dipoles, but rather quantities derived from them. Then the question arises: how is the underlying spatial inhomogeneity of the dipoles reflected in the actually observed quantities? As a first example, in figure 4 , we compute the extinction efficiency throughout the array. A total extinction efficiency would be a sum over the contributions from each dipole, and for each dipole the extinction cross section is given by
where E in,j is the incident field at the position of the dipole j. Figure 4 shows that modulation of the complex dipoles is reflected in the real-space image of the extinction. Scattering and absorption efficiencies show similar results. However, with the parameters used here, the contribution from scattering cross section is about an order of magnitude larger than the contribution from absorption and consequently dominates. When dipoles have been solved, also electric fields can be computed by simply summing over the individual dipole fields as shown in equation (2.5) . In a similar way we can also solve for the magnetic field by summing over the magnetic fields
of each dipole. In a non-magnetic medium, the Poynting vector S can be computed from the electric and magnetic fields via S = Re[E × B * ]/μ 0 . The emitted intensity via surface element dA with a normal vector n = dA/dA is then S · n, and the total emitted power flow through a surface is an integral over the surface,
where the factor of 1 2 originates from time averaging. In figure 5 , we show the emitted intensity through a large sphere surrounding the array when the oscillation energy is below the Γ-point. We show the behaviour only in the most relevant directions, namely in the array plane (a) and in the xz-plane passing through the centre of the array at y = 0. We find strong peaks along the x-axis (φ = {0, π }, θ = π/2) and along the z-axis (θ = {0, π }). This is expected, because the y-polarized incident field mainly excites dipoles oscillating along the y-axis. A dipole oscillating along the y-axis generates a dipole field that radiates most strongly in the xz-plane, whereas the intensity in the dipole direction (φ = π/2, θ = π/2) disappears. If we have a larger system of identical dipoles, the antenna directionality is improved and peaks become more narrow. In figure 6 , we show a similar result, but now slightly above the Γ-point. Now, interesting new features appear. First, the relative intensity of the peak along the x-axis is increased, and second, the emission along the x-axis is split into two peaks. These peaks become better resolved as the array size increases. Note that, as shown in figure 7 , the splitting becomes larger as the distance from the Γ-point increases, but the dependence is not linear. This is caused by the energy of the incident light being higher than the Γ-point energy. Below the Γ-point, the lattice summation over the phase factors j exp(ikR j ) gives rise to a strongly oscillatory signal with small imaginary part as the polar angle θ is varied. On the other hand, above the Γ-point, the lattice summation gives rise to a large and double-peaked imaginary part, which is then also reflected in the magnitude of the Poynting vector. The lattice sum behaves similarly in the yz-plane, but because dipoles along the y-axis do not radiate in the y-direction, this is not reflected in observable signatures. As we show in figure 3 , above the Γ-point stronger spatial variation appears. However, while this modulation itself is related to differences in how the dipole interactions add up in the array, the modulation does not give rise to clear qualitative changes in the far-field intensity pattern. Note that the peaks along the x-axis are in (or close to) the array plane and might not be measured in all experimental set-ups. Note also that they are a totally different phenomenon from the beating pattern observed around the normal to the xy-plane direction (z-direction) in reference [6] . Figure 8 shows the power emitted through a sphere from the array of oscillating dipoles according to the CDA for a few different array sizes. The emission peak just below the Γ-point becomes sharper with increasing array size, whereas it is very small in an array of 25 × 25 nanoparticles. As is clear the emission power peaks just below the Γ-point and minimizes just above it. This behaviour has a marked dependence on the array size, as the contrast between the power maximum and minimum becomes more pronounced as the array gets larger. The fact that dipolar losses and extinction are drastically reduced just above the Γ-point suggests a stronger role for quadrupolar excitations in that region. Furthermore, this indicates that the incident plane wave couples relatively less strongly to the nanoparticles in this region of energies and other types of driving could be more relevant, such as driving from nearby dipoles of dye molecules.
In figure 3 , we showed an example of dipolar distributions below and above the Γ-point. In figure 3 , it seems the dipoles either decay or are enhanced towards the edges along the x-direction and that this behaviour is related to whether we are below or above the Γ-point. However, while the behaviour below the Γ-point is robust to details, above the Γ-point there is a dependence on the system size and on how far above the Γ-point we are. In figure 9 , we show an example of the magnitude of the dipoles for a larger array and at somewhat higher energy. We can see that there is a longer-wavelength modulation also along the x-direction, so that more crests become visible as the system size increases or if the energy is increased.
At the other extreme of small arrays, the question arises as to when lattice resonances appear. In figure 10 , we answer this question by computing the extinction efficiency around the Γ-point for a few different small arrays. For very small arrays, the energy dependence of the single nanoparticle as a function of energy masks the effects from the array and nothing can be seen for arrays of 5 × 5 particles. On the other hand, the gradual appearance of the resonance is clear when the two-dimensional array contains some hundreds of particles, indicating the minimum size for the lattice effects to be visible. In figure 10 , we also show the full width at half-maximum of the peak below the Γ-point as a function of array size along the x-direction, when the extent along y was fixed (for numerical limitations) at N y = 15 nanoparticles. For infinite two-dimensional arrays, the situation becomes subtle, because there is a divergence in the lattice sum of dipolar Green's functions [27] . Using Ewald's method, Zhen et al. [27] managed to transform the diverging sum into a converging sum. Convergence required a few hundred particles in each direction and suggests the other extreme where results from infinite arrays should be applicable. A rough estimate of finite-size broadening can also be made when there is many more than one nanoparticle in each direction. Owing to finite-size effects, one expects a wavevector uncertainty of k ≈ π/L, where L = Nd is the width of the array. This implies an uncertainty in photon energies of around ∼hcπ/(Nd). This implies that, in order to push broadening due to finite-size effects to a level of = 10−100 meV (so that width becomes clearly smaller than the width of the single
